On finiteness of some verbal subgroups in profinite groups by Azevedo, João & Shumyatsky, Pavel
ar
X
iv
:2
00
9.
11
77
5v
1 
 [m
ath
.G
R]
  2
4 S
ep
 20
20
On finiteness of some verbal subgroups in
profinite groups
Joa˜o Azevedo and Pavel Shumyatsky
Abstract. Given a group word w and a group G, the set of w-
values in G is denoted by Gw and the verbal subgroup w(G) is the
one generated by Gw. In the present paper we consider profinite
groups admitting a word w such that the cardinality of Gw is less
than 2ℵ0 and w(G) is generated by finitely many w-values. For
several families of words w we show that under these assumptions
w(G) must be finite. Our results are related to the concept of
conciseness of group words.
1. Introduction
Let w = w(x1, . . . , xk) be a group word, i.e., a nontrivial element
of the free group on x1, . . . , xk. This can be viewed as a function of
k variables defined on any group G. We denote by Gw the set of all
w-values in G and by w(G) the verbal subgroup generated by Gw. In
the context of topological groups G, we write w(G) to denote the closed
subgroup generated by all w-values in G.
The word w is called concise in a class C of groups if, for each G
in C such that Gw is finite, also w(G) is finite. In the sixties Hall
raised the problem whether all words are concise. In 1989 S. Ivanov
[11] (see also [14, p. 439]) solved the problem in the negative. On
the other hand, the problem for residually finite and profinite groups
remains open (cf. Segal [16, p. 15] or Jaikin-Zapirain [12]). In recent
years some limited progress with respect to this problem was made. In
particular, it was shown in [1] that if w is a multilinear commutator
word and n is a prime-power, then the word wn is concise in the class
of residually finite groups. Further examples of words that are concise
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in residually finite groups were discovered in [10]. The works [5, 6, 7]
deal with conciseness of words of Engel type.
For profinite groups a variation of the classical notion of conciseness
arises quite naturally: following [3] we say that w is strongly concise in a
class C of profinite groups if, for each G in C, already the bound |Gw| <
2ℵ0 implies that w(G) is finite (a somewhat weaker notion of conciseness
for profinite groups was considered in [4]). It was conjectured in [3] that
every group word is strongly concise, and the conjecture was confirmed
for several families of group words. In particular, in [3] the conjecture
was confirmed for multilinear commutator words (see the next section
for the relevant definition). Moreover, it was shown that in the class
of nilpotent profinite groups every group word is strongly concise.
In [3], special attention was given to profinite groups admitting a
word w such that |Gw| < 2
ℵ0 and w(G) is generated by finitely many w-
values. The finiteness of w(G) under these assumptions was established
for several types of words. In particular, w(G) was shown to be finite
whenever w implies virtual nilpotency or is weakly rational.
Recall that a group word w is a law in a group G if w(G) = 1.
We say that w implies virtual nilpotency if every finitely generated
metabelian group for which w is a law has a nilpotent subgroup of
finite index. Burns and Medvedev [2] showed that if w implies vir-
tual nilpotency, then for a much larger class of groups G, includ-
ing all finitely generated residually finite groups, w(G) = 1 implies
that G is nilpotent-by-finite. By a result of Gruenberg [8], all Engel
words [y, nx] = [y, x, . . . , x︸ ︷︷ ︸
n
] imply virtual nilpotency. Other examples
of words implying virtual nilpotency include generalisations of Engel
words, such as words of the form w = w(x, y) = [ye1, xe2, . . . , xek ],
where k ≥ 1 and e1, . . . , ek are non-zero integers (see [3, Section
4]). Henceforth, we use the left-normed simple commutator nota-
tion [x1, x2, x3, . . . , xk] := [...[[x1, x2], x3], . . . , xk] and the abbreviation
[y, nx] := [y, x, . . . , x] where x is repeated n times. The word
γk(x1, x2, . . . , xk) = [x1, x2, . . . , xk]
is called the kth lower central word and γk(G) is of course the kth term
of the lower central series of a group G.
Following [10] we say that a group word w is ‘weakly rational’ if, for
every finite group G and for every positive integer e with gcd(e, |G|) =
1, the set Gw is closed under taking eth powers of its elements. Ac-
cording to [10, Theorem 3], the word w = γk
q is weakly rational for all
positive integers k, q.
Our first result in the present paper is as follows.
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Theorem 1.1. Let k, n and q be positive integers, and let v =
γk(x1, x2, . . . , xk). Suppose that w is one of the words [y, nv
q] or [vq, ny].
If G is a profinite group such that |Gw| < 2
ℵ0 and w(G) is generated
by finitely many w-values, then w(G) is finite.
Note that [5, Theorem 3] implies that the word w in Theorem 1.1
is concise (in the usual sense) in the class of profinite groups. Our
next result is related to [7, Theorem 1.2]. Let us say that a word w is
commutator-closed if the set of w-values in any group is closed under
taking commutators of its elements. It is easy to see that in particular
the lower central words γk are commutator-closed.
Theorem 1.2. Let n and q be non-negative integers. Let u be one
of the words yq, [y1, y2]
q or any commutator-closed word. Assume that
v is a weakly rational word such that all v-values are also u−1-values
in any group and consider w = [v, nu]. If G is a profinite group such
that |Gw| < 2
ℵ0 and w(G) is generated by finitely many w-values, then
w(G) is finite.
As mentioned in [7] there are many words of the form [v, nu] as
above. In particular, the word [v, n y], where v = v(x1, . . . , xk) is any
weakly rational word, is of the required shape. Other obvious examples
of words for which Theorem 1.2 applies are the words of the form [v, n u],
where v = [xq1, x2, ..., xk] and u = γl for l ≤ k.
2. Preliminary Results
Throughout this paper by a subgroup of a profinite group we always
mean a closed subgroup. We write 〈S〉 for the subgroup topologically
generated by a set S.
Recall that a multilinear commutator word, also known as an outer-
commutator word, is obtained by nesting commutators and using each
variable only once. Thus the word [[x1, x2], [x3, x4, x5], x6] is a multi-
linear commutator word while the 3-Engel word [x, y, y, y] is not. An
important family of multilinear commutator words consists of the re-
peated commutator words γk on k variables, given by γ1 = x1 and
γk = [γk−1, xk] = [x1, . . . , xk] for k ≥ 2. As mentioned in the introduc-
tion, the verbal subgroup γk(G) of a group G is the kth term of the
lower central series of G. The derived words δk, on 2
k variables, form
another distinguished family of multilinear commutators; they are de-
fined by δ0 = x1 and δk = [δk−1(x1, . . . , x2k−1), δk−1(x2k−1+1, . . . , x2k)].
The verbal subgroup δk(G) = G
(k) is the kth derived subgroup of G.
The following lemma is taken from [9, Lemma 2.2].
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Lemma 2.1. Let w be a multilinear commutator word and G a
group. Then Gw is symmetric, that is, x ∈ Gw implies that x
−1 ∈ Gw.
An element a of a group G is called a right Engel element if, for
every g ∈ G, there exists n = n(a, g) such that [a, ng] = 1. If n can be
chosen independently of g, we say that the element a is right n-Engel.
If [g, na] = 1 holds for all g ∈ G and some n = n(a, g), the element a is
called a (left) Engel element, and we call it (left) n-Engel if n can be
chosen independently of g. The next result is due to Heineken.
Lemma 2.2. [15, 12.3.1] Let a be a right n-Engel element of a group
G. Then a−1 is a left (n+ 1)-Engel element of G.
The next two results are almost obvious. The reader can consult
for example Lemma 7 and Lemma 13 in [5] for details.
Lemma 2.3. If M is an abelian normal subgroup of G, then for all
g, h ∈ M and a ∈ G we have [gh, na] = [g, na][h, na]. In particular,
[gi, na] = [g, na]
i for any integer i.
Lemma 2.4. Let w be the n-Engel word [x, ny]. Then, there exists
a group word w0 = w0(x1, . . . , xn) such that w = w0(x, x
y, . . . , xy
n−1
).
A proof of the following result can be found in [3, Lemma 4.3].
Lemma 2.5. Let G be a profinite group and w a group word such
that |Gw| < 2
ℵ0. If w(G) can be generated by finitely many w-values,
then w(G)′ is finite.
Recall that the word w is weakly rational if, whenever G is a finite
group, the set Gw is closed under taking e-th powers for every integer
e coprime to |G|. According to [10, Lemma 1] this is equivalent to
saying that whenever x is a w-value of G, the element xi is again a
w-value for every integer i coprime to the order of x. Of course, w is
weakly rational if and only if whenever x ∈ Gw, for a finite group G,
all generators of the cyclic subgroup 〈x〉 are contained in Gw.
Throughout, Zp stands for the infinite procyclic pro-p group (the
additive group of p-adic integers) and Ẑ = ⊕pZp for the free procyclic
group. We say that an element i ∈ Ẑ is a generator if 〈i〉 = Ẑ. The
following lemma is straightforward using the routine inverse limit ar-
gument.
Lemma 2.6. Let w be a weakly rational word and G a profinite
group. Suppose that a is a w-value in G. If i is any generator of Ẑ,
then the power ai is again a w-value in G.
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Given a subgroup K and an element a of a group G, we denote by
[K, a] the subgroup of G generated by all commutators [g, a] where g ∈
K. By induction we define [K, 1a] = [K, a] and [K, na] = [[K, n−1a], a]
for n ≥ 2. Of course, if K is an abelian normal subgroup, then [K, na]
is generated by all elements of the form [g, na] where g ∈ K.
Lemma 2.7. Let v = v(x1, . . . , xk) be any group word and w =
[x, nv]. Let G be a profinite group such that |Gw| < 2
ℵ0 and w(G)
is generated by finitely many w-values. Then, for any v-value a, the
subgroup [w(G), na] has finite exponent.
Proof. We know from Lemma 2.5 that w(G)′ is finite. Taking
the quotient over this subgroup we can assume that w(G) is abelian.
Choose g ∈ w(G). For any integer i, by Lemma 2.3, we have [g, na]
i =
[gi, na]. So [g, na]
i is a w-value. Since the set Gw of w-values is closed,
the procyclic subgroup generated by [g, na] is contained in Gw, and the
assumption that |Gw| < 2
ℵ0 yields that [g, na] has finite order. This
happens for any g ∈ w(G).
Now, for each positive integer j, define
Wj = {g ∈ w(G) | [g, na]
j = 1}.
The sets Wj are closed and, by the previous paragraph, cover w(G).
The Baire Category Theorem ([13, p. 200]) tells us that at least one
of these sets has non-empty interior. Therefore there is an index m,
an element g ∈ w(G) and an open subgroup S ≤ w(G) such that
gS ⊆ Wm. In particular, [g, na]
m = 1. Taking into account that w(G)
is abelian, we deduce from Lemma 2.3 that, for every s ∈ S,
1 = [gs, na]
m = [g, na]
m[s, na]
m = [s, na]
m.
Therefore [S, na]
m = 1. Let [w(G) : S] = l. We see that hl belongs to
S for all h ∈ w(G). Therefore [w(G), na]
lm = 1, as required. 
Corollary 2.8. Assume the hypothesis of Lemma 2.7. If a1, . . . , ak
are finitely many v-values, then there exists a finite normal subgroup T
of G such that the images of a1, . . . , ak in G/T are 2n-Engel.
Proof. By the previous lemma, [w(G), nai] has finite exponent.
Choose a positive integer m such that the exponent of [w(G), nai] di-
videsm for each i = 1, . . . , k. Let T be the subgroup of w(G) generated
by all elements having finite order at most m. We see that T is a fi-
nite normal subgroup of G and the images of a1, . . . , ak in G/T are
2n-Engel, as claimed. 
The next lemma is closely related to [7, Lemma 3.7].
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Lemma 2.9. Let w = [v, nu], where v and u are group words such
that in any group all v−1-values are also u-values. Let G be a profinite
group in which |Gw| < 2
ℵ0 and w(G) is generated by finitely many w-
values. Choose finitely many v-values a1, . . . , ak ∈ G. There exists a
finite characteristic subgroup T of w(G) such that in G/T the elements
a−11 , . . . , a
−1
k are (2n+ 2)-Engel.
Proof. Recall a commutator identity [x, y−1, y−1] = [yxy
−1
, y−1]
that holds in any group. Thus, if a is a v-value in G, then for every
g ∈ G we have
[g, n+1a
−1] = [aga
−1
, na
−1] ∈ Gw.
Here we used the fact that a−1 belongs to Gu. Hence for any g ∈
G, the element [g, n+1a
−1] is a w-value. Let w0 be the group word
[y, n+1v
−1], where y is an independent variable. Note that all w0-values
are also w-values in any group. In particular, w0(G) is a subgroup
of w(G). Because of Lemma 2.5, without loss of generality we can
assume that w(G) is abelian. It follows that also w0(G) is abelian, and
|Gw0| < 2
ℵ0 . Thus, we mimic the proof of Lemma 2.7 with respect to
the word w0 and the subgroup w(G) and conclude that [w(G), n+1a
−1]
has finite exponent m. In particular, since [g, n+1a
−1] belongs to w(G)
for all g ∈ G, we have [g, 2n+2a
−1]m = 1. Let Tm be the subgroup of
w(G) generated by all elements of order at most m. Since w(G) is a
finitely generated abelian subgroup, it follows that Tm is finite (and, of
course, Tm is normal in G). Thus, we have shown that for each a ∈ Gv
there is a finite normal subgroup, say Ta, contained in w(G), modulo
which the element a−1 is (2n + 2)-Engel. Note that the inverses of
the given v-values a1, . . . , ak are (2n + 2)-Engel modulo the product
T = Ta1Ta2 . . . Tak . This completes the proof. 
The next result can be found in [5, Proposition 1] (see also [18]).
Lemma 2.10. Let n, k, q be positive integers and let v be a multi-
linear commutator word. Let G be a finite group in which all vq-values
are n-Engel. If K is a subgroup of G generated by k vq-values, then K
is nilpotent of (k, n, q)-bounded class.
The next result is straightforward from [17, Lemma 4.1].
Lemma 2.11. Let G be a soluble profinite group, generated by finitely
many n-Engel elements. Then G is nilpotent.
Recall that an element a of a procyclic group K is a generator if
〈a〉 = K. Let Up denote the set of generators of Zp and U the set
of generators of Ẑ. Of course, Up = Zp \ Φ(Zp), where Φ(Zp) is the
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Frattini subgroup of Zp. One can check that U = ⊕pUp is the direct
sum of Up over all primes p. It is important to note that, if we view Ẑ
as a ring, then the set U is precisely the multiplicative group of Ẑ.
Let {p1, p2, . . . } be the set of all primes. Every element i of Ẑ can
be uniquely written as an infinite sum i =
∑
in, where in ∈ Zpn . Note
that i ∈ U if and only if in ∈ Upn for each n = 1, 2, . . . . A procyclic
group K can be uniquely written as a Cartesian product K =
∏
nKn,
where Kn is the pro-pn part of K (here Kn is either trivial or the Sylow
pn-subgroup of K). Each element a ∈ K can be uniquely written in
the form a =
∏
n an, where an ∈ Kn. In what follows we will use that
ai =
∏
n a
in
n whenever i ∈ Ẑ.
Let F = F (x1, . . . , xk) be the free profinite group of rank k and
let Fj denote the jth term of the lower central series of F . Nontrivial
elements of F are called profinite words. Since the abstract free group of
rank k naturally embeds in F , every abstract group word on k variables
can be viewed as a profinite word. We say that the (profinite) word
w = w(x1, . . . , xk) has degree j if w ∈ Fj \Fj+1. For completeness’ sake
we say that the elements lying in the intersection of the lower central
series of F have infinite degree.
Lemma 2.12. Let w = w(x1, . . . , xk) be a profinite word of degree
j. Let G be a profinite nilpotent group generated by elements a1, . . . , ak
and denote by X the set of all elements of the form w(ai1, . . . , a
i
k), where
i ∈ U. Assume that |X| < 2ℵ0. Then, every element of X has finite
order.
Proof. Let c be the nilpotency class of G. If c − j is negative,
then X = 1 and the result holds. Therefore we assume that c− j ≥ 0
and argue by induction on c − j. In the free group F , modulo Fj+1,
the word w is a product of γj-words in x1, . . . , xk. Therefore for any
s ∈ Ẑ we have
w(xs1, x
s
2, . . . , x
s
k) = w(x1, x2, . . . , xk)
sjws(x1, x2, . . . , xk),
where ws(x1, x2, . . . , xk) is a profinite word of degree at least j + 1
(see for example [16, Lemma 1.3.3]). Here the word ws depends on s.
For this word, if s ∈ U, there are less than 2ℵ0 elements of the form
ws(a
i
1, a
i
2, . . . , a
i
k), where i ∈ U. Indeed, use the fact that the product
is belongs to U. We have
ws(a
i
1, a
i
2, . . . , a
i
k) = (w(a
i
1, a
i
2, . . . , a
i
k)
sj)−1w(ais1 , a
is
2 , . . . , a
is
k ).
In G there are less than 2ℵ0 elements of the form w(ai1, a
i
2, . . . , a
i
k) and
as many of the form w(ais1 , a
is
2 , . . . , a
is
k ). Hence, G contains less than
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2ℵ0 elements of the form ws(a
i
1, a
i
2, . . . , a
i
k). By induction, all elements
of the form ws(a
i
1, a
i
2, . . . , a
i
k) have finite order.
Consider now the particular case where G is a pro-p group for some
prime p. In this case the torsion part of G is a finite subgroup. Passing
to the quotient over that subgroup we can assume that all elements of
the form ws(a
i
1, a
i
2, . . . , a
i
k) are trivial and so
w(ais1 , . . . , a
is
k ) = w(a
s
1, . . . , a
s
k)
ij = w(a1, . . . , ak)
(is)j
for each i, s ∈ U. Since we are now in the case where G is a pro-p group,
the above equation holds for each i, s ∈ Up. Set a = w(a
s
1, . . . , a
s
k) and
K = 〈a〉. Remark that the set Up is closed in the profinite topology
of Zp. In a natural way we have a continuous map ψ from Up to K
taking each i ∈ Up to a
ij . The cardinality of the image of ψ is less than
2ℵ0. Proposition 2.1 from [3] ensures the existence of an open subset
U of Up such that ψ is constant on U . Thus, for any i1, i2 ∈ U we have
ai
j
1 = ai
j
2 . Since K is a procyclic pro-p group, we conclude that K is
finite. This completes the proof in the case where G is a pro-p group.
We now drop the assumption that G is a pro-p group. Let again
{p1, p2, . . . } be the set of all primes and write G =
∏
nGpn, where Gpn
is the pro-pn part of G. For each t = 1, . . . , k write at =
∏
n atn, where
atn belongs to Gpn.
Given i =
∑
in ∈ U, we have
(1) w(ai1, . . . , a
i
k) =
∏
n
w(ain1n, . . . , a
in
kn),
where each in belongs to Upn. Let
Xn = {w(a
in
1n, . . . , a
in
kn) | in ∈ Upn}.
Recall that U = ⊕nUpn. It follows that X =
∏
nXn is the Cartesian
product of Xn since any element from X can be decomposed as in
equation (1).
Since |X| < 2ℵ0 , the number of nontrivial Xn is finite. We already
know that the lemma holds in the case of pro-p groups and therefore it
holds for each pro-p part Gn of G. This implies that every element in
Xn has finite order. Taking into account that X =
∏
nXn, where only
finitely many of Xn are nontrivial, we deduce that every element in X
has finite order. The proof is complete. 
3. Proof of Theorem 1.1
Lemma 2.12 provides an important technical tool that can be used
to establish finiteness of certain nilpotent subgroups. Thus, in a natural
way a problem on conciseness of a word can be reduced to finding
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appropriate nilpotent subgroup. The next lemma shows that under
hypotheses of Theorem 1.1 the group G has plenty of almost nilpotent
subgroups.
Lemma 3.1. Let n, q be positive integers and v a multilinear com-
mutator word. Let w be either the word [vq, ny] or [y, nv
q], where y is
an independent variable. Assume that G is a profinite group such that
|Gw| < 2
ℵ0 and w(G) is generated by finitely many w-values. Let K be
a subgroup generated by finitely many vq-values. There exists a finite
normal subgroup T of G such that KT/T is nilpotent.
Proof. Let a1, . . . , ak be v
q-values in G and let K = 〈a1, . . . , ak〉.
Suppose first that w(G) = 1. The combination of Lemma 2.2 and
Lemma 2.1 ensures that all vq-values are (n + 1)-Engel. By Lemma
2.10 the image of K in any finite quotient of G is nilpotent of (k, n, q)-
bounded class. Hence, K is nilpotent of (k, n, q)-bounded class.
We now drop the assumption that w(G) = 1. Because of Lemma
2.5, without loss of generality we can assume that w(G) is abelian.
The previous paragraph shows that K is soluble since K ∩ w(G) is
abelian. Applying Lemma 2.9 in case w = [vq, ny] or Corollary 2.8 in
case w = [y,n v
q], deduce that G has a normal finite subgroup T such
that that a−11 , . . . , a
−1
k are 2n + 2 or 2n-Engel in G/T , respectively.
The image of K in G/T is a soluble subgroup generated by k Engel
elements. Theorem 2.11 then ensures that K/(K∩T ) is nilpotent. The
result follows. 
We are in a position to prove Theorem 1.1, which we restate here
for the reader’s convenience:
Let k, n and q be positive integers, and let v = γk(x1, x2, . . . , xk). Sup-
pose that w is one of the words [y, nv
q] or [vq, ny]. If G is a profinite
group such that |Gw| < 2
ℵ0 and w(G) is generated by finitely many
w-values, then w(G) is finite.
Proof. Consider first the case where w = [y, nv
q]. In view of
Lemma 2.5 we can pass to the quotient G/w(G)′ and assume that
w(G) is abelian. Let a be any vq-value and t any element of G. Let
K be the subgroup of G generated by a and at. Lemma 3.1 ensures
that γc(K) is contained in a finite normal subgroup T of G for some
positive integer c. We pass to the quotient G/T and assume that K is
nilpotent. Note that we can rewrite the w-value [t, na] as [a
−ta, n−1a].
Let w0(x1, x2) be the word [x
−1
1 x2, n−1x2]. If i belongs to U, then
w0((a
t)i, ai) = [(a−t)iai, n−1a
i] = [t, na
i].
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Recall that the word vq is weakly rational. Therefore Lemma 2.6 en-
sures that the power ai must be again a vq-value, and then w0((a
t)i, ai)
is a w-value for all i ∈ U. If X = {w0((a
t)i, ai), i ∈ U}, we must
have |X| < 2ℵ0. Invoking Lemma 2.12, we conclude that the element
w0(a
t, a) = [t, na] has finite order. Since this argument holds for all
w-values in G, it follows that w(G) is an abelian subgroup generated
by finitely many elements of finite order. We conclude that w(G) is
finite, as claimed.
Now we deal with the case where w = [vq, ny]. Once again, we
assume that w(G) is abelian. Let b be any vq-value in G and t ∈ G.
Consider the subgroup L of G generated by the vq-values b, bt, . . . , bt
n−1
.
Applying Lemma 3.1, we deduce that γc(K) is contained in a finite
normal subgroup T of G for some c ≥ 1. Pass to the quotient G/T and
assume that L is nilpotent. We apply Lemma 2.4 to the word w and
rewrite it as a word w1 = w1(v
q, (vq)y, . . . , (vq)y
n−1
). If we take any i in
U, Lemma 2.6 ensures (bt
s
)i to be a vq-value for all s = 0, 1, . . . , n− 1.
Hence,
w1(b
i, (bt)i, . . . , (bt
n−1
)i) = [bi, nt]
is a w-value for all i ∈ U. Once again, we may apply Lemma 2.12 and
conclude that [b, nt] has finite order. Since this argument holds for any
w-value of G, we conclude that w(G) is an abelian subgroup generated
by finitely many elements of finite order. Therefore w(G) is finite. This
completes the proof. 
4. Proof of Theorem 1.2
Recall the statement of Theorem 1.2:
Let n and q be non-negative integers. Let u be one of the words yq,
[y1, y2]
q or any commutator-closed word. Assume that v is a weakly
rational word such that all v-values are also u−1-values in any group
and consider w = [v, nu]. If G is a profinite group such that |Gw| < 2
ℵ0
and w(G) is generated by finitely many w-values, then w(G) is finite.
The following two lemmas are profinite versions of Proposition 2.1
and Proposition 2.2 of [7], respectively. The proofs of both are straight-
forward from the corresponding results on finite groups via the usual
inverse limit argument.
Lemma 4.1. Let k,m, n, q, s be positive integers and w a word. Let
G be a profinite group satisfying a law w ≡ 1 and let H be a subgroup
of G generated by elements a1, . . . , ak such that
[ai, [g1, g2]
q, . . . , [g1, g2]
q︸ ︷︷ ︸
n
, [g1, g2]
s] = 1
CONCISENESS OF SOME WORDS 11
for each g1, g2 ∈ H and each i = 1, . . . , k. Assume further that the
elements a−11 , . . . , a
−1
k are m-Engel. Then H is nilpotent.
Lemma 4.2. Let k,m, n, q, s be positive integers, and let u, v be
words such that u is commutator-closed and the v−1-values are u-values
in every group. Let G be a profinite group satisfying the law
[v, uq, . . . , uq︸ ︷︷ ︸
n
, us] ≡ 1
and assume that all v−1-values are m-Engel in G. Suppose that H is a
subgroup of G generated by finitely many v-values. Then H is nilpotent.
Lemma 4.3. Let G, u, v and w be as in Theorem 1.2. Assume that
K is a subgroup generated by finitely many v-values. There is a finite
normal subgroup T of G such that KT/T is nilpotent.
Proof. We will prove only the case where u = yq or [y1, y2]
q, since
the other case can be obtained by the same argument simply replacing
the use of Lemma 4.1 by that of Lemma 4.2.
So let u = yq or [y1, y2]
q. If w(G) = 1, then Lemma 4.1 applies and
we conclude that K is nilpotent. Suppose that w(G) 6= 1. In view of
Lemma 2.5 we can pass to the quotient G/w(G)′ and simply assume
that w(G) is abelian. Then K is soluble. Now we apply Lemma 2.9
and conclude that there is a finite normal subgroup T of G such that
the image of K in G/T is generated by finitely many (2n + 2)-Engel
elements. Thus, Theorem 2.11 ensures that the image of K in G/T is
nilpotent. 
Proof of Theorem 1.2. Let a ∈ Gv and t ∈ Gu. Let K be the
subgroup of G generated by the elements a, at, . . . , at
n−1
. Lemma 4.3
tells us that for some integer c the subgroup γc(K) is contained in a
finite normal subgroup T of G. We can pass to the quotient G/T and
without loss of generality assume that K is nilpotent. By Lemma 2.4,
there is a word w0 = w0(x1, . . . , xn) such that w0(v, v
u, . . . , vu
n−1
) =
[v, nu]. Set X = {w0(a
i, (at)i, . . . , (at
n−1
)i), i ∈ U}. Combining the
weak rationality of v with Lemma 2.6, we conclude that X is contained
inGw. Now Lemma 2.12 implies that all w-values ofG have finite order.
Therefore w(G) is generated by finitely many elements of finite order.
Since w(G)′ is finite, the theorem follows. 
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